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Abstract

The aim of cooperative game theory is to suggest and defend payoffs for
the players that depend on a coalition function (characteristic function) de-
scribing the economic, social, or political situation. We consider situations
where the payoffs for some players are determined exogenously. For exam-
ple, in many countries lawyers or real-estate agents obtain a regulated fee
or a regulated percentage of the business involved. Our aim is to suggest
and axiomatize two values with exogenous payments, an unweighted one
and a weighted one.
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1. Introduction

The aim of cooperative game theory is to suggest and defend payoffs for the
players that depend on a coalition function (characteristic function) describing
the economic, social, or political situation. In this sense, the players’ payoffs are
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determined endogenously. However, there are situations in real life where some
players’ payoffs are exogenous. For example, in many countries lawyers or real-
estate agents obtain a regulated fee or a regulated percentage of the business
involved. Similarly, civil servants who participate in the production of economic
goods in different ways are also paid according to official schedules. Players ob-
taining exogenous payoffs are called exogenous players while the other players are
endogenous.

One additional motivation for developing values that take exogenous payments
into account is provided by situations where cost sharing (see Young 1994) occurs
in the presence of third parties who also use the resources in question. Examples
concern (i) firms whose computing facilities are used by profit centers inside the
firm (the endogenous players) but also by other firms (the exogenous players)
and (ii) municipalities that build a water-distribution system for themselves (as
endogenous players) and also for other towns (the exogenous players) who pay
user fees.

In order to address the examples given above (and many others), we aim for
values that incorporate the idea of exogenous payments. For example, we are
asking the question of how much of the overall cost have to be borne by the
endogenous towns after they obtain the fixed user fees by the exogenous ones.
Once again, it turns out that a variant of the famous Shapley (1953) value is well
suited for that purpose.

In our paper, we introduce two classes of games: exogenous-payments games
and weighted exogenous-payments games. The weights determine the burden
sharing of the endogenous players with respect to the payments obtained by the ex-
ogenous ones. Correspondingly, we introduce two values: the exogenous-payments
Shapley value and the exogenous-payments weighted Shapley value. The latter
one is not to be confounded with the weighted Shapley value — the weights in the
Kalai-Samet weighted Shapley value affect all players’ payoffs, depending on the
hierarchy level (see Kalai & Samet 1987). For identical weights, the exogenous-
payments weighted Shapley value equals the exogenous-payments Shapley value.

Our characterizations use two important axioms. First of all, we demand
that the payoffs under the new value actually give the predetermined payoff to
the exogenous players, i.e., the realtor’s fee to the realtor and the civil-service
payments to the civil servants (axiom X). Second, our value obeys the following
consistency axiom (axiom C): If the exogenous payments happen to be equal to
the payoff determined endogenously (i.e., according to the Shapley value), then
the endogenous agents also obtain their Shapley values.



In the next section, we provide the basic definitions and notations. Section 3
introduces the exogenous-payments Shapley value and presents two axiomatiza-
tions for this value. We also elaborate on the cost-allocation example. In section
4, we show how to incorporate weights for the endogenous players, i.e., we present
and axiomatize the exogenous-payments weighted Shapley value. This value is
then applied to the a real-estate agent and the fee he obtains. The final section
offers suggestions for future research.

2. Definitions and notation

A TU game (in coalition function form) is a pair (N, v) (often abbreviated by v)
where N is a finite set and v a function 2 — R such that v ()) = 0. The set of
all games on N is denoted by V. A game (N, v) is convex if for all coalitions S
and S’ obeying S C 5" we have

v(SU{i}) —v(S) <v(S"U{i}) —v(S)

for all players i ¢ S’. It is concave for > rather than <. v is called inessential if
v(K) =73 cxv{i}) forall K C N. For T'# (), T C N, the game uy is given by
up (K) =1for T C K, ur (K) = 0 otherwise. These games are called unanimity
games. For g € R, the coalition function guqyy is abbreviated by just g, i.e.,
v := ¢ is the coalition function defined by

U(K):{ ; g;% (2.1)

v := 0 is called the zero game.
A payoff vector = for N is an element of R or a function N — R. By zg we

mean » .. ;.
Player © € N is a null player if

v(KU{i}) =v(K) for all K C N\ {i}.

Two players i, j € N are called symmetric if for all coalitions K obeying i ¢ K
and j ¢ K we have

v(KU{i}) = v (KU{j}).

A coalition function v is symmetric if a function f : R — R exists such that
v (K) = f(]K]) holds for all K C N.



Rules of order r on N are bijective functions r : N — N where (1) is to be
understood as the first player in the order, r (2) as the second player etc. The set
of all rules of order on N is denoted by R. The inverse r~! (i) denotes player i’s
"position” in the rule of order 7. Then, we define K; (r) := {r(1),....,7 (r~1 (i)},
i.e. K;(r) is the set of players up to and including player 1.

The Shapley (1953) value and other related values make heavy use of the
players’ marginal contributions MC'. For any coalition S C N and any player
1 € S we define

MCF (v) = v(S) — v (5\ {i})

and, given some rule of order r from R,
MC; (v,r) = MCF™) (v).

The Shapley value which we denote by Sh(N,v) = (Sh; (N,v)),.y € RY is a
solution concept on Vy and is defined by

1
ShZ(U,N) = WZMCZ(U,T),Z e N.

reR

The Shapley value is characterized by the following four axioms:
Efficiency: We have ¢y (N,v) = v (N).

Symmetry: For all symmetric players i, j € N, o, (N,v) = ¢, (N,v).
Null player: If i € N is a null player, then ¢, (N,v) = 0.

Additivity: For any coalition functions v’,v” € Vy, and any player i from N,
@i (N, +0") = ¢ (N,V') + ; (N, ")

We now introduce the set of exogenous players X g N (the civil servants or
real-estate agents, if you like) and the payments they receive. The other players
are called endogenous players (the private sector) and are denoted by D := N\ X.

We define two games with exogenous payments, an XP game and a weighted
XP game (where XP stands for eXogenous Payments):

Definition 2.1. XP games are tuples
(N,v, X, )

where



e (N,v) is a TU game,
e X is a strict subset of N, and

o 7 € RY is a vector specifying a payoff for every member of N and, in
particular, for every member of X .

A weighted XP game is a tuple (N,v, X, 7, w) where (N,v, X,m) is an XP
game and w = (w;);.y & tuple of real numbers obeying > ., wq 7 0.

Note that both 7 and w are from RY. While this seems unnecessary for
the definition itself, it is helpful when we consider empty and non-empty sets
of exogenous players in applications of the consistency axioms or the irrelevance
axiom. However, we sometimes abuse notation by writing (7,),.y rather than 7
and (wq) 4 p rather than w.

3. The XP Shapley value

3.1. Axioms

An XP value ¢ assigns a payoff vector to every XP game, ¢ (N,v, X,7) € RY. Of
course, exogenous players should obtain their exogenous payments:
X (exogenous payments): For all i € X, we have ¢, (NV,v, X, 7) = ;.

Given axiom X, most other axioms focus on the players from D for obvious
reasons. Of the following nine axioms, axioms N and M are not fulfilled by the
exogenous-payments Shapley value (for short: XP Shapley value).

The most well-known axiomatization for the Shapley value involves the ef-
ficiency axiom, the symmetry axiom, the null-player axiom, and the additivity
axiom (see the previous section). Efficiency has to hold for all players while sym-
metry makes sense for endogenous players, only:

E (efficiency): We have ¢y (N,v, X, m) =v(N).
S (symmetry): For all symmetric players i, j € D, ¢, (N,v, X,7) = ¢; (N,v, X, 7).

We mention two axioms referring to null players. The null-player axiom N
awards the payoff zero to every null player from D while the null-player axiom
N-() demands that a null player obtains the payoff zero if there are no exogenous
players in the game:

N (null player): If i € D is a null player in (N,v), then ¢, (N,v, X, 7) = 0.



N-0 (null player for X = 0): If i € N is a null player in (N,v), then
©; (N,v,0,7) =0.

If exogenous players exist, null players cannot, in the present context, have
zero payoffs. For example, in the 0-game v (defined by v (K) = 0 for all K C N),
all players are null players and the endogenous players have to pay mx for reasons
of efficiency. Thus, a null-player axiom is not a reasonable requirement in case of
X # 0. Also, a null-player-out axiom (see Derks & Haller 1999) cannot hold for
the value we are to define. If a null player from D is excluded from the game, the
other endogenous players have to divide mx between themselves.

The additivity axiom concerns all the players from X U D and refers to pay-
ments as well as coalition functions. Thus, if a player is involved in two games,
he is to obtain the sum of what he would get in each of them:

A (additivity): For any coalition functions v’,v"” € Vy, any payments 7/, 7" €
RY and any player i from N, we obtain

Pi (va/ +U//7X77T/ +7T//) = ¥; (va/vXu ﬂJ) + 2 (N7 U//va ﬂ-//) .

We now present two axioms (axiom M and axiom BF) each of which is central
for a further axiomatization of the Shapley value (see the following subsection).
Axiom M states that player ¢ from D is affected by a coalition function only insofar
as his marginal contributions are concerned. This holds for the Shapley value but
not for the XP Shapley value. The reason is that the players from D pay 7 to the
players from X but enjoy the contributions made by these exogenous players by
efficiency.

M (marginalism): Assume two coalition functions v and z from V. Let i be a
player from D obeying

v (S) —v(S\{i}) = 2(5) — 2 (S\{e})
forall S C N,i € S. Then
©; (N;u, X,m) =@, (N,z, X, 7).

In contrast to axiom M, the XP Shapley value fulfills axiom BF that is due
to van den Brink (2001). This axiom says that two players are equally affected
by adding a coalition function z (to some given coalition function v) if they are
symmetric in (N, z). This property follows from axioms A and S.



BF (Brink fairness): Let i and j be players from D that are symmetric in
(N, z). Then

(pi(va_'_zvaW)_301‘<N7U7X77T) :(pj (N7U+27X77T)_(pj (N,U,X,ﬂ').

Next, we present the shifting property. It says that a player from D does not
gain or suffer if a change in 7y is balanced by a corresponding change of v by
mx. In a sense, both 7y and v (see eq. (2.1)), are shifted in the same direction.
For example, if a lawyer is responsible for an increase (or a decrease) of the value
produced by business partners using his services and if his renumeration is changed
by the very same amount, the business partners are not affected. Similarly, a civil
servant (working as a policeman or a judge) may be credited with increasing the
social product in an economy (by discouraging theft or other harmful activities).
Again, if his salary increases by an equal amount, the private-sector agents’ payoffs
stay the same.

SH (shifting): For all i € D, we have
o, (Nyv+7mx, X,7) =¢; (N,v+ 7'y, X, )

for all m, 7’ € RV,

It is not difficult to show that axioms X, E, S, and A imply SH. We show later
that axioms X, E, N-(), BF, and C also imply SH. While this axiom is not used in
any of the axiomatizations that we present, it is an important intermediate step
in the second axiomatization presented below.

The final axiom is called consistency and of central importance to all the
axiomatizations in this paper: If the players in X obtain what they would obtain
if no exogenous payments were made to anybody, the players in D also obtain
what they should get without any exogenous players in the game. Differently put,
if the players in X (happen to) obtain the value dictated by the axioms for games
without exogenous players, so do the other players. Consistency axioms have been
surveyed by Thomson (1990) and Driessen (1991).

C (consistency): For any player i € D,

2 (vava (303[: (vav@vﬂ-))xex) = ¥; (vav@vﬂ-)’



3.2. Three XP values

We now present three XP values. The XP Shapley value which will be axiomatized
in the next subsection is denoted by Sh*™ and given by

X7 T, 1€ X
Shi" (N, v) = { Shi (N,v) + b (Shy (N,0) = 7x), i€ D
Note that every player in D contributes equally to the exogenous payments. This
is not unreasonable given the fact that differences between the D-players clearly
show up in the first summand. However, in particular applications, we may have
good reasons to argue for different weights and to turn to the weighted XP Shapley
value.

We can consider the XP Shapley value as an XP value for XP games (N, v, X, 7)
or, alternatively, as a solution for TU games on N where X and 7 enter as pa-
rameters. In the second case, we might then ask the question of how exogenous
payments influence the endogenous players’ payoffs. The formula for the XP
Shapley value gives an immediate answer to that question as does SH.

It is easy to see that the XP Shapley value fulfills the axioms X, E, S, N-(), A,
BF, C, and, by lemma 3.5 below, axiom SH, too.

For future reference and for the proofs of independence in later sections, we
also define the egalitarian value F¢g by

v (N) N

Eg;(v,N) = N )

and the egalitarian value with exogenous payments Fg¢*™ by

X,ﬂ" _ 7T7" ZGX
Egi (N>'U)_{Egi(N,U)—F%(ng(N,’U)—Wx), 1 €D

Clearly, this value also fulfills the axioms X, E, S, A (which imply SH), BF, and
C while axiom N-{) does not hold.

Axiom C is fulfilled by these two values and plays a central role in all our
axiomatizations. It seems a natural requirement. Consider, however, the following

alternative. Define a TU game (N\X, p**™) by

v, X, _ U<SUX)_7TX7 S%@
) ={ o s



For example, X is the set of civil servants in an economy (N, v) and 7x the taxes
to be paid for the civil servants. p”*7™ is close to coalition functions defined in
Aumann & Dréze (1974) and in Peleg (1986). The most important difference is
that these authors assume that players from S can choose the players from X they
want to use and pay for. Our more simple definition makes sense for the above
interpretation.

On the basis of the above TU game on N\ X, we define the XP value ¢¢ by

C o T4 ZGX
¥ (N>'U>Xa7T)_{ ShZ (D,pv’X’ﬂ), ieD

¢ violates axiom C' in the example of N = {1,2,3}, v = u1 9y, X = {1}, and
T = % = Shy (N, u{LQ}) = Sh; (N, p“{lﬂ}’w’”) = golc (N, U123, 0, 7T) that leads to

5 (N ugray, {1}, 67 (N 2,0, 7))
= Shy (D, pruarit)

= 5 (vom (120 =5 ~0) + 3 (v (0128~ 3 oo (1.3 - 5] )

= SOg (Na U{1,2}, wa ﬂ-) .

Nl w N

In this example, player 2 takes all the benefit from the services provided by the
civil servant 1, but pays half the taxes. In such-like situations, a violation of
consistency makes perfect sense.

It is not difficult to see that ¢ obeys axioms X, E, S, N-0, A, BF, and SH.

3.3. Axiomatization

In order to compare our value with the Shapley value, we note the following
theorem:

Theorem 3.1. Assuming X = () (in which case N-)) and N are equivalent) and
ignoring 7 in that case, the Shapley value is characterized by the following sets of
axioms:

e E, S, N, and A (Shapley (1953))



e E, S, and M (Young (1985))
e E, N, and BF (van den Brink (2001))

As the above theorem makes clear, we can look for sets of axioms including
the axioms E, S, N-(), and A or including E, N-(), and BF. We prepare our two
characterizations with a lemma:

Lemma 3.2. Assuming axiom C and any of the two following axiom sets for
solution ¢

e E, S, N, and A or
e E, N-)), and BF

we obtain
Shi (N, v) = ¢; (N, v, X, (Shy (N,v)) e x)

for all players i € D.

Proof. By the above theorem, either one of the set of axioms (E, S, N-{), and A
on the one hand or E, N-), and BF on the other hand) imply

©; (N,v,0,7) = Sh; (N,v). (3.1)
We then find

Sh; (N,v) = ¢;(N,v,0,7) (eq. (3.1))
¢; (N,v, X, (¢, (N,0,0,7)),.x) (axiom C)
2 (N> v, Xa (th (N> 'U))zeX) (eq' (31))

0

Theorem 3.3. The XP Shapley value is characterized by the axioms X, E, S,
N-0, A, and C.
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Proof. We know from the previous subsection that Sh*™ fulfills all the axioms
mentioned in the theorem. Let ¢ be an XP value. For i € X, axiom X guarantees
v; (N,v, X, ) = ;. For i € D, we obtain the desired result by

o; (N, v, X, )
= ¥ (N7 v, X7 (Shm <N7U))z€X)
+¢; (N,0, X, (74),,cx — (Sha (N, v)),cx) (axiom A)
= Shi(N,v) +¢; (N,0,X,(72),cx — (She (N,v)),cx) (lemma 3.2)
1

= Sh; (N,v)+ 7] (Shx (N,v) —7mx) (axioms E, S)

Lemma 3.4. The axioms X, E, S, N-(), A, and C are independent.

We relegate the proof to the appendix.
The proof of the axiomatization of theorem 3.6 below rests on the following
lemma that we show to hold in the appendix.

Lemma 3.5. Axioms X, E, N-{), BF, and C imply axiom SH.

Theorem 3.6. The XP Shapley value is characterized by the axioms X, E, N-),
BF, and C.

Proof. We need to show that the XP Shapley value is the only value that
fulfills the above mentioned axioms. Consider the coalition function z := 7y —
Shx (N,v). Then any two players ¢ and j from D are symmetric in (N, z) and
BF implies

Pi (N,U—l—Z,X,ﬂ') — ¥ (vavaﬂ-) = (pj (N7U+27X77T) o (pj (N,U,X,ﬂ').
Fix i € D and sum this equation for all j € D. Using axioms X and E and

hence pp (N,v, X, 7) = v (N) —7x and ¢p (N,v+ 2z, X,7) = (v + 2) (N) — 7y,
respectively, we find

1
@i(vavaﬂ-) :()Oi(va—i_ZaXvﬂ-)_'_W(ShX(N’U)_ﬂ-X)'

11



The equations

Shi (N,v) = ¢; (N,v,X,(Shy (N,v)),cx) (lemma 3.2)
= ¢; (N,v—Shx (N,v) +7x,X,(7:),cx) (lemma 3.5)
= Soi(N7'U+ZaX>7T)

provide the final bit of our proof.[]
Lemma 3.7. The axioms X, E, N-(, BF, and C are independent.

See the appendix for a proof.

3.4. Application: cost allocation with exogenous payments

We adapt the example presented by Young (1994, pp. 1195). Two towns 1 and
2 plan a water-distribution system. Town 1 could build such a system for itself
at a cost of 12 million Euro and town 2 would need 8 million Euro for a system
tailor-made to its needs. The cost for a common water-distribution system is 16
million Euro. Thus, the coalition, or cost, function ¢ : 2% — R is given by

c({1}) = 12,¢({2}) =8 and
c({1,2}) = 16.
The Shapley value for this game is Sh ({1,2},¢) = (10,6). Town 1, for example,
has to pay 10 rather than 12 million Euro.

We now assume that a third town 3 needs water-distribution services, too. Let
us define a new cost function ¢ : 2{:23} — R that obeys ¢ = ¢lr10y DY

c({1}) = 12,¢({2}) =8,¢({3}) =4,
¢({1,2}) = 16,¢({1,3}) =12,¢({2,3}) =8 and
¢({1,2,3}) = 18.

The Shapley value of that game is Sh({1,2,3},¢) = (10,6,2). The coalition
function for ¢ is chosen such that players 1 and 2 obtain the same Shapley values
as in the game ({1,2},¢) above.

Towns 1 and 2 manage to obtain a fee of 3 million Euro from town 3 for
allowing town 3 to participate. Thus, we have an XP game ({1,2,3},¢, X, )
with X := {3} and 73 = 3. The XP Shapley value is

ShX,ﬂ({1,2,3},é) = <10—|—%(2—3),6+%(2_3)’3) _ (1_29’%’3)

12



Town 3 is happy to enter into this agreement with towns 1 and 2 because of
its stand-alone costs of 4. However, town 3 would be even better off under the
Shapley value Sh({1,2,3},¢) while towns 1 and 2 benefit from the agreement
(compare Sh™ ({1,2,3},¢) with Sh({1,2,3},¢) or Sh({1,2},¢)).

This simple example does not discuss why towns 1 and 2 succeed in making
town 3 the exogenous player. One way to discuss that question would be to embed
the cooperative game into a non-cooperative coalition-formation game.

Why is the XP Shapley value a suitable tool to allocate costs? In the above
example of a water-distribution system, axiom X is a very obvious requirement and
the need to allocate the joint cost ¢ (N) (axiom E) is an immediate consequence of
balanced budgets. Without additional information that demands differentiation
between the endogenous players, axiom S also imposes itself. A town that does
not need any (water-distribution) services should not have to contribute if no
exogenous players are present (axiom N-{)). Axiom A is easy to justify with
respect to the exogenous-payoft vectors. With respect to the coalition functions,
we follow Young (1994, pp. 1213) and argue that breaking up the overall costs into
different cost categories (such as operating cost and capital cost) should not affect
the allocation. Axiom C claims that if the exogenous user (town 3 in the example)
pays a fee that is just his (Shapley!) payoff in the TU game, the endogenous users
(towns 1 and 2) should also be attributed their Shapley fees. To us, this seems a
very sensible requirement.

For cost allocation within firms, standard cost accounting text books implicitly
argue for axiom A by giving several reasons why joint costs should be allocated
(see, for example, Bhimani, Horngren, Datar & Foster 2008, p. 172). Of course,
the joint cost to be allocated among the endogenous players (profit centers, for
examples) is ¢(N) — 7x, only. In terms of the cost-accounting literature, we
could consider the service rendered to exogenous users as a by-product the sale of
which can be accounted for by a reduction of cost — this is one out of four ways
to account for by-products mentioned by Bhimani et al. (2008, p. 187, exhibit
6.16). However, standard text books do not mention the Shapley method of cost
allocation.

13



4. The weighted XP Shapley value

4.1. Axiomatization

The XP Shapley value can be extended to incorporate weights for the players
from D. A weighted XP value p assigns a payoff vector to every weighted XP
game, p (N,v, X,m,w) € RY. The weighted XP Shapley value (which is not an
XP version of the weighted Shapley value due to Kalai & Samet (1987)) is given
by

T, 1€ X
Shz(N,’U)—F i (th(N,’l})—Wx), 1€ D

> dep Wd

Sh5™" (N, v) = {

It can be axiomatized on the basis of (obvious variations of) the axioms X, E,
N-0, A, and C from the first axiom set.

Xw (exogenous payments): For all i € X, we have p;, (N, v, X, 7, w) = m;.
Ew (efficiency): We have py (N, v, X, 7, w) = v (N).

Nw- (null player for X = (): If i € N is a null player in (N,v), then
p; (N,v, 0, mw) =0.

Aw (additivity): For any coalition functions v',v” € Vy, any payments 7',
7" € RY and any player i from N, we obtain

p; (N, + 0" X, 7' + 7" w) = p; (N, X, 7", w) + p; (N, v", X, 7", w).

Cw (consistency): For any player i € D,

pz‘(Nuva?(pz(vav@vﬂ-uw)) w):pi<N7U7®7ﬂ-7w)’

zeX )
The symmetry axiom has to take the weights into account:
Sw (symmetry): For all symmetric players i, j € D obeying w; = wj,
pi (N,v, X, m,w) = p; (N,v, X, m,w).
Additionally, we need two more axioms that refer to the weight structure. Axiom

IR states that the exogenous payments and the weights are not relevant for a
player i if there are no exogenous players:

IR (irrelevance): For all i € D and all 7,7’ € R, w,w’ € RV, we have

pi(N,’U,@,ﬂ',w) :pi(N,'U,@,ﬂ'/,’w/).

14



Axiom W ensures that the ratio of weights is equal to the ratio of payoffs in a zero
game. It is similar to the "weighting of treatments” axiom by Haeringer (1999).

W (weighing): For all players i,j € D,

wip; (N,0, X, 7, w) = wjp; (N,0, X, m,w).
Theorem 4.1. The weighted XP Shapley value is characterized by the axioms
Xw, Ew, Nw-0, Aw, Cw, Sw, IR, and W.

Proof. ShX™v fulfills all the above axioms. Turning to uniqueness, axiom Xw
ensures p, (N,v, X, m,w) = m; for all i € X. Note that IR and S imply weight-
independent symmetry in case of X = (). Assume two symmetric players i, j € D
that do not (necessarily) obey w; = w,. We then have

Pi (N> U, @7 , 'LU) = D (N> v, @7 T, (]-a ey 1)) (axiom IR)
= p;(N,v,0,7,(1,...,1)) (axiom Sw)
= p;(N,v,0,7,w) (axiom IR)

We now closely follow the proof of lemma 3.2 to show that axioms Ew, Nw-0), Aw,
Cw, Sw, and IR imply

Shi (N,v) = p; (N, v, X, (She (N,v)),cx W) .
Proceeding as in the proof of theorem 3.3, we easily find
p; (N, v, X, m,w) = Sh; (N,v) 4+ p; (N,0, X, (73) ,cx — (Sha (N, 0)),cx s 0) -
We now apply axiom W:
p; (N v, X, m,w)

= Shi (N,U) + M/Ji (N707X7 (Wz) ex (Shm (va)) ex 7w)
> dep Wd ’ :
1
= Shz (N, U) + de/)z (N707X7 (WE)zEX - (Shff (N7 U))xEX ’w)

2 dep W deD
1

+ _
> dep Wa ;
-
= Shi (N,v) + =————
Y dep Wa deZD

= Shi(N,'U)_‘_&(ShX(N,'U)_TrX) (axiom Ew)

> dep W

= Sh; (N,v) wipg (N, 0, X, (73) e x — (Shy (N, 0)),cx ,w) (axiom W)

Pd (Nv 0, X7 (WE)zEX - (Shff (N7 U))xEX ’w)
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Lemma 4.2. The axioms Xw, Ew, Nw-(), Aw, Cw, Sw, IR, and W are indepen-
dent.

Again, the proof is relegated to the appendix.

4.2. Application: buying a house in the presence of a realtor
4.2.1. The model

We now turn to the application of the weighted XP Shapley value to a very
simple housing market. The three agents are a seller of a house S, a buyer B,
and a real-estate agent A. (Thus, this subsection contributes to intermediation
theory, Spulber (1999) being the standard reference.) We assume that the seller’s
reservation price s is below the buyer’s willingness to pay b. Thus, the gains from
trade are positive, b — s > 0.

In many real-world markets, the realtor charges a fee w4 which is a fraction
f of the house price p for her service, 14 = fp. We assume that A is the only
exogenous player. This payoff to the realtor 74 is payable by the buyer and
the seller in proportions wg = 0 and wg = 1, respectively. These are the weights
introduced in the previous section and we assume that they are given exogenously.

The seller and the buyer need the realtor to come into contact. Therefore, the
TU game (V,v) is given by N = {5, B, A} and

U(K):{ b—s, K=N,

0, otherwise
Summarizing, we are concerned with the weighted XP game
<{Sv Bv A} » Uy {A} y TA, (w57 wB))

The guiding question for our application concerns the fee fraction f chosen by the
realtor in order to maximize m4. We approach this problem by considering the
following three-stage game:

e At the first stage, the realtor decides on f.

e At the second stage, the seller and the buyer decide whether they will indeed
do business with each other. If not, the game ends with a payoff of 0 for
every player.
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e At the third stage, the seller and the buyer engage in a bargaining process,
the outcome of which is determined by the weighted XP Shapley value.

In order to defend the weighted XP Shapley value for the model at hand, let us
examine the axioms. If the realtor A is not cheated out of the fee he demands,
she should should obtain 74 (axiom Xw). Assuming that no third parties like tax
authorities are involved, axiom Ew is a natural requirement. A seller or buyer who
does not have positive gains from trade with any buyer or seller, respectively, and
who does not engage a real-estate agent, will surely expect a payoff of 0 (axiom Nw-
()). Similar to the justification of the XP Shapley value, axiom Aw is an obvious
requirement with respect to the exogenous-payoff vectors while the justification
with respect to the coalition functions is as easy or difficult as for the Shapley value
itself (compare the discussion of alternative axiomatizations by Winter 2002).
Axiom Cw makes a reasonable claim: If the real-estate agent happens to obtain
the payoff dictated by the game ({S, B, A} ,v) (without exogenous players!), so
do the two trading partners. Axiom Sw is certainly a reasonable assumption but
does not apply directly because the weights differ in our model. Axiom IR is easy
to justify: If the real-estate agent does not obtain an exogenous payoff, it does
not matter how much she would obtain and by whom, otherwise. In our model,
axiom W boils down to

(ShA (N,O) — 7TA)

gpiAbma(wsws) (AT gy Shp (N,0 L
wsohp (N, 0) Ws 5 ’)+w5+w3

= wg(—wA):O:wBﬂ

— wp lShg (N,0) + ﬁ (Sha (N,0) — 74)

= wpShhT s (v o)

Thus, if there were no gains from trade (b = s), the buyer alone would have to
pick up the realtor’s fee.

Our model belongs to the growing number of hybrid noncooperative-cooperative
models which, following Brandenburger & Stuart (2007) (who use the core rather
than the Shapley value or the weighted XP Shapley value), can also be called
biform games. In our example, the first two stages (setting f and deciding on
whether to trade) form an extensive game where the payoffs are calculated by
way of cooperative means at the third stage. We follow the usual procedure of
backward induction.
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4.2.2. The third stage: bargaining

We abbreviate Sh{4hm4:O1 (N ) by £. For the three agents S, B, and A, we
obtain the following weighted XP Shapley value

5 = (557537£A)

b—s 0 b—s b—s 1 b—s
- ( 3 +0+1( 3 _W“‘)’ 3 +0+1( 3 _“>’“>
_ (b—s b_8+1-(b_8—7rA) 7TA)

3 03 3 ’

b—s 2
= (T,g(b—s)—ﬂA,TFA)

So far, the realtor’s fee w4 is exogenous so that we could apply our formula.
However, a specific house price p* (an "equilibrium" house price, if you like) is
implicit in the above payments. Indeed, the seller’s rent is p — s = {4 so that we
obtain

o= &s(f)+s= +s (4.1)

and
Ep(f) = b—p"—fp"
mu (f) = [fp"

Thus, the payments to the realtor are partly endogenized at fp* (f will be endo-
genized at the first stage).

4.2.3. The second stage: do they have a deal

The seller is willing to sell his house if £g > 0 holds which is true by b — s > 0.
The buyer will buy this house if b — p* — fp* > 0 or

or (use eq. (4.1))




hold. For any f > 0, the realtor is happy to help in the deal. Thus, the deal can
be struck for any fee percentage f obeying

2(b—ys)

0< f < .
/= 25+ b

4.2.4. The first stage: setting f

Obviously, the real-estate agent maximizes her profit by letting

=22
2s+b
As expected, we find % > (0 and % < 0.
Finally, we obtain f*p* = 22(2—;2) (%S + %b) = %b — %s and the payoffs are

b—s 2 2
(Tv%”—?)

in the usual order.

4.2.5. Comment

One may question the usefulness of the weighted XP Shapley value in the example
presented above. After all, while 7 is exogenous at the third stage, i.e., when
applying this value, it becomes endogenous after all. The Shapley value of the
symmetric (!) TU game ({S, B, A}, v) is (%, b;;, b—gs) In contrast, the weighted
XP Shapley value

e clearly reflects the different weights as they are often given in real-estate
markets (the German example is described by Hagemann 2006),

e allows to dissect the realtor’s payoff as the product of the fee percentage
f (chosen by the realtor himself) and the house price p (as the bargaining
outcome between seller and buyer that may in more complicated models
depend on f).
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5. Issues for future research

The basic idea underlying this paper can be extended in two different manners.
First of all, XP values disobeying consistency, such as value ¢ (subsection 3.2),
can be axiomatized and applied.

Second, using the Shapley value with exogenous payoffs as a general model,
we obtain a class of values where the Shapley value is replaced by the egalitarian
value (subsection 3.2), the (normalized) Banzhaf value (see Dubey & Shapley
(1979) and van den Brink & van der Laan (1998)), or others. Thus, let ¢ be a
value on Vy and ¢*7 the XP value given by

X7 (N o) i, icX
L v) = .
¥i = i (N, v) + 5 (px (N,0) = 7x), i€D

©®™ fulfills the axioms X, C and SH (because of |D|+ |X| = |N|) and, if ¢ obeys
efficiency, symmetry, null player, or additivity, ¢ obeys the axioms E, S, N-0),
or A, respectively. If additivity and symmetry hold, ¢ fulfills axiom BF.
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6. Appendix

Proof of lemma 3.4:

In order to show that the axioms X, E, S, N-0), A, and C are independent, we
leave out one axiom at a time and show that the remaining axioms are fulfilled
by a value different from the XP Shapley value.

e Disregarding X and 7, the (Shapley) value ¢* defined by X (N, v, X, 71) =
Sh; (N,v) violates axiom X but clearly obeys the remaining axioms E, S,
N-(, A, and C.

e Axiom E is necessary because the XP value o defined by
) N X e 1€ X
i (N0, X,m) = 2Sh; (N,v) + ‘—11)‘ (—théN’v) - 7TX> , 1€D

is not efficient but the axioms X, S, N-(), A, and C are obviously fulfilled.

e The necessity of axiom S can be seen from the XP value ¢° defined by

T, 1€ X

s _ ) ShT(N,v), ieD,1¢D

o0 (N0 Xom) = 0 Gt (Vo) + (Sh (N, v) — ), i€ DA€ Dyi—=1
Sh; (N,v), teD,1eD,i#1

While axiom S does not hold (player 1 alone pays off the exogenous players),
it is easy to see that the axioms X, E, N-(), and C are fulfilled. For axiom A,
consider coalition functions v’,v"” € Vy, exogenous payoff 7/, 7”7 € RV and
any player ¢ from N. The axiom obviously holds for exogenous players and
for players that obtain the Shapley value. For player i = 1 € D, additivity
is confirmed by

o (N,v +0", X, 7’ +7")
= Sh; (N,v'+0")+ (Shx (N, o' +0") = (7" +7") )
= Sh; (N,v') + Sh; (N,v") + (Shx (N,v") + Shx (N,v") — 7'y — %)
= of (N,V, X,7") +¢f (N0, X,7").

o If axiom N-{) were missing, we could put forward the XP value ¢ given
by N (N, v, X, ) = Eg;"™ (N,v) (see subsection 3.2).
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e With regard to axiom A, we use an idea due to Hiller (2011, pp. 54) and
consider the XP value ¢* defined by

()0;4 (N7U7X7 ﬂ-)
( Ty 1€ X
Sh*™(N,v), i€D,1¢DV2¢DVX=0Vr=(Sh"(N,v))
vs@v” (N,v) #3V Shy™ (N,v) #5
VSh ™ (N,v) € {3,5} for some j € D\ {1,2}
B 5, i=1eD,2€D, X #0,m# (Sh™(N,v)),
Sh™ (N,v) = 3,Shy"™ (N,v) = 5,
X, .
Shi ™ (N,v) ¢ {3,5} for all j € D\ {1,2}
3, i=2€D,1€D,X #0,m# (ShY™(N,v))
Sh™ (N,v) = 3,S5hy"™ (N,v) = 5,
X,m .
\ Shi™ (N,v) ¢ {3,5} for all j € D\{1,2}

This value does not fulfill axiom A. Consider the games with N = {1,2,3},
X = {3}, m3 = 2 and the inessential coalition functions v and z on N given

by v({1}) =4, v({2}) =6,v({3}) =0and 2 ({1}) = 2 ({2}) = 1,2 ({3}) =
0 for all 7 € N. We then have

eX

zeX '’

1
SE? (N v+ 2) = b+5(0-2)=4#3

1
Sh§3}’2(N,v—l—z) = 7+§(0—2):67A5’

1
ShEE (N ) = 4+ 5(0-2)=3,

1

ShPE(Nv) = 6+ 5(0-2)=5and
1

SO (N, 2) = 1+ 5 (0-0)=1

and hence
et (Nyo+2, X, m)=4#5+1 = (N,v,X,7) + ¢ (N, 2,X,0)

The other axioms are fulfilled. In particular, X = () prompts the XP Shapley
payoffs (second line) so that axiom N-{ still holds. Also, the payoff exchange
happens only for players 1 and 2 that are not symmetric to other players
in D (axiom S is fulfilled). Axiom C also holds because of X = 0V 7 =
(Sh%™ (N, v)) in the second line.

zeX
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e The independence of axiom C has already be shown in subsection 3.2.

Proof of lemma 3.5:
Note that axioms E, N-(), and BF imply ¢; (N,v,0,7) = Sh; (N,v). For

2 € Vy defined by z := Z (72 — Shy (v + 7x)) gy}, the player € X obtains

reX
0: (Nyv+7mx +2,0,m) = Shi (N,v+7x +2) (axioms E, N-0, BF)
= Shy (Nu+7x)+ Y (7 = Shy (v +7x)) Sha (N, ugey)

zeX

= Sh@(N,U"—?TX)—i—(ﬂ'i—Shi (U"—?Tx))

= Tg.

Note that players i and j from N\ X are symmetric with respect to (XN, z). Hence,
we find

o; (N,v+mx, X,m) —¢; (N,v+7x, X, 7)
= ¢ (N,v+ax +2,X,7) —p,;(N,v+7x + 2 X,7) (axiom BF)
= ¢ (Nov+ax+2,X, (0, Nov+mx+2,0,7)),cx)

—p; (N, +7x + 2, X, (¢, (N,v+7x +2,0,7)),cx) (see above)
= ¢;(Nyo+7mx +2,0,m)

—; (N,v+7mx +2,0,7) (axiom C)
= Sh;(N,v+7nx+2)—Shj(N,v+7mx + 2)
= Sh;(N,v) — Sh;(N,v) (additivity and symmetry).

Thus, the difference ¢; (N,v + 7x, X,7) — ¢; (N,v + 7x, X, m) does not depend
on 7 so that we have

Pi (Nav+7TX>Xa7T)_90i(N>U+7T;(’X>7T,) = ¥j (NaU_I'TrXaXaﬂ-)_SOj (N>U+7T;{>Xaﬂ-/)
for all 7 and 7’ from RY. We now sum over all j € D and get
[Dl; (N, v+ 7x, X,7m) — |D|g; (N, v+ 7y, X, ')
= Z(p] (N7U+7TX7X77T) _ZSOJ (va_'_ﬂ-;(?Xvﬂ-/)

jeD jeD
= v(N)+7x —7mx — (v(N)+ 7y —7'y) (axiom E, X)
=0
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and hence axiom SH.

Proof of lemma 3.7:

Again, we present values that fulfill all the axioms X, E, BF, N-(, and C but
one.

e Proceeding as in the proof of lemma 3.4, the (Shapley) value ¢~ defined by
X (N,v, X, ) = Sh; (N, v) violates axiom X but clearly obeys the remain-
ing axioms E, BF, N-), and C.

e Axiom E is necessary because the XP value ¢¥ (which equals ¢¥) defined
by

e 1€ X

L0 (N,v) + by (25889 — 7)€ D

VE (N, v, X, ) :{

does not fulfill efficiency but obeys the other axioms.

e For axiom BF, we define the value ®" by

q/leF (N7 ,U7 X’ 7T)
(7, 1€ X
Sh*™(N,v), ieD,3k,jeN,geR,zeVy:
v =2+ g and k and j are symmetric for z
Vdke NgeR, zeVy:
= v =2+ ¢ and k is a null player in z
EgX™(N,v), ie D,Vk,je NgeR, ze€ Vy:
v # z+ g or k and j are not symmetric for z,
Vke N,geR, z€Vy:
L v # z+ g or k is not a null player in z

In order to show that this value does not fulfill axiom BF consider the player
set N = D = {1,2,3} and the coalition functions v := 2ug + 2us and
z := uq1y + uqy. Players 1 and 2 are symmetric with respect to z, players 2
and 3 are symmetric with respect to v and there are no symmetric players
with respect to v + 2 — g = uqyy + 3uqey + 2ugz — g for any g € R. Also, no
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player is a null player for v 4+ 2z — g for any g € R. We obtain

BE (N v+ 2, X,7) —yPF (N, v, X, 7)
= Egi(v+2z)—Shi(v)

1+3+2
= /0
3
1+3+2
7&%_2

= P (N,o+z,X,m) — 5" (N,v, X, )
B obviously fulfills the axioms X, E, and N-f. Axiom C holds true because

we have Y5¥ (N, v,0,7) = Sh, (N,v) for all 2 € X or ¢2F (N,v,0,7) =
Eg, (N,v) for all z € X.

e For axiom N-{), consider the egalitarian value with exogenous payoffs intro-
duced in subsection 3.2.

e Turning to axiom C, consult subsection 3.2 once more.

Proof of lemma 4.2:
The axioms Xw, Ew, Sw, Nw-(), Aw, Cw, IR, and W are independent.

e The weighted XP value x*% defined by xX* (N,v, X, 7, w) = Sh; (N,v)
violates axiom Xw while obeying the other axioms Ew, Sw, Nw-0), Aw, Cw,
and IR. Axiom W holds because the Shapley payoffs for zero games are 0.

e Axiom Ew cannot be discarded because of the weighted XP value y** given
by

Ew . e
X; (N,’U,X,ﬂ',’w) = %Shl (N,’U) + wj (ShX(Nﬂ’) _7TX> , 1€ D

> deDp Wd 2

that does not obey axiom Ew but fulfills the axioms Xw, Sw, Nw-(), Aw,
Cw, and IR. Axiom W also holds:

1 ; 0
wiX]Ew<N707X77va) = w; (5 O—Fﬁ <§ —WX))
deD

— W } 04_& Q_W
-2 Suepwa \2
= wix’" (N0, X, 7, w).
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e For axiom Sw, we remind the reader of the Harsanyi dividends given by

h, : 2¥ >R,
Teh(T)= Y ()" (k).

Ke2T\{0}

and of

v(S) =Y h(T)= > h(T)ur(S)

TCS Te2N\{0}

for every coalition coalition function v and every coalition S C N. We define
the value A on Vy by

Sh; (N,ur), T #{1,2}
3 T={12},i=1
ANur) =4 4 T:}LZ{,Z':2

and
Ai(Noo)= Y hy(T) Ai(Nur).
Te2N\{0}

This value is efficient, obeys the null-player axiom and additivity, but not
syminetry.

Consider, now, the weighted XP value y°* defined by

Sw (N v X ) 1€ X
Xi" (N0, X, mw) = A; (N, 0) + 5= (Ax (N,v) = 7x), i€ D
It is not difficult to see that axiom Sw is violated (use v := wy;2y) while

axioms Xw, Ew, Nw-0, Aw, Cw, IR, and W obviously hold.

e That Nw-( is necessary, can be seen from the weighted XP value YN given
by

i, 1€ X
EQZ(N,'U)—‘— - (ng(N,U)—Wx), 1€ D

> dep W

XN 0, X, w) :{
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e With regard to axiom Aw, we use the weighted XP value x4* defined by

X:LAUJ (N7 U? X7 7T7 w)
(T, ieX
Sh*™ (N,v), i€ D,1¢DV2¢DVX=0Vnr=(ShE™ (N,v))_
X,mw .
\/Shg( (N,v) € {3,5} E?r some j € D\ {1,2}
VShy ™" (N,v) # 3V Shy ™ (N,v) #5V v =0
5, i=1€D,2€ D, X #0,7 # (Shb™v (N, v))
Sh¥™" (N,v) = 3, Shy™" (N,v) = 5,
X,mw .
Shi ™% (N,v) ¢ {3,5} for all j € D\ {1,2},v# 0
3, i=2€D,1€D,X#0,7# (Shb™v (N,v))
Shi™" (N, v) = 3, Shy™" (N, v) = 5,
X,mw .
\ Shy ™ (N,v) ¢ {3,5} forall j € D\ {1,2},v#0

eX

zeX '’

zeX )’

This value does not fulfill axiom Aw. Assume w = (1,1) € R{? and
proceed as in the proof of lemma 3.4 concerning the XP value 4. x4®
obeys axioms Xw, Ew, Sw, and Nw-(). Axiom Cw holds because of X =
Ovm = (ShE™w (N, U))xeX in the second line, axiom IR is fulfilled by X = ()
in the second line and, finally, axiom W holds because of v = 0 in the second
line.

e For axiom Cw, we consider a variant of the TU game (N \ X, p”’X”T) intro-

duced in subsection 3.2. In particular, we propose the TU game (N \ X, pv¥ ”””)
given by

> des Wd
pv,X,ﬂ',w(S): U<SUX)_ Ed:Dwdﬂ-X’ S%@
0, S =1
and on that basis the weighted XP value x“* defined by
i, 1€ X

Cw _
Xi (N,’U,X,’]T,w) - { Shz (D,pU7X’7r7w) s i1 €D

¥ violates axiom Cw. Consider the TU game ({1, 2,3} ,U{LQ}), X ={1},
m = 3,and w = (1, 1) that lead to Shy (N, uq1,9) = 3 = Shy (N, p“{1»2}7®7“7w) =
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x5 (N, ug 2,0, 7, w) and hence to

1

ng (N, Uf1,2} {1} >X?“’ <N, Uf1,2} @, 5, (1, 1)) , (1’ 1))
= Shy (D,p“{l,z}v{l},%,(l,l))

1 11
= - 12V - — .= _

+ (v (020 - 5 -0)

! 1
(o (01,230 = -5 = [ (0,30 -

£

1))

Y obeys the other axioms. In particular, p>%™% is an inessential coalition

function by p®Xmv (S) = —%ﬁx, S C D, so that axiom W follows
S

from

wx§" (N0, X, m,w) = w;Shy (D, p™*™") = (iﬁx)

> dep Wa

e We now turn to axiom IR. We define the weighted XP value x/# in three

steps:

1. Let T be any nonempty subset of N and ur a unanimity game. Then,
for any a € R, the weighted XP value x'# for X = () is defined by

L’ ZET,’U)Z:W
XfR(N>OéUT,@,7T,w) = {MT T

0, i¢Torw <Wp '

where Wy : = max w; and Mr:={ieT:w
1€

2. As any game v can be written as
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for suitably chosen Ay, we obtain

(N0, 0, m,w) = Z I (N, Mpug, 0,7, w)

TA0,
TCN
3. Finally, we define
XZIR (N7U7X’ ﬂ-? w)
{ i, 1€ X
XZT’R (vav@vﬂ-vw) + Zd:};wd (X&R (N7U7®77T7w) - ﬂ-X) ) (&S D

It is not difficult to show that the axioms mentioned in the lemma are indeed
fulfilled. Also, in general, we have /% (N, aug, 0,7, w) # ShX™" (N, auy).

e Finally, the weighted XP value \" defined by x" (N, v, X, 7, w) = Sh™ (N, v)

violates axiom W while fulfilling the other axioms.

References

Aumann, R. J. & Dréze, J. H. (1974). Cooperative games with coalition structures,
International Journal of Game Theory 3: 217-237.

Bhimani, A., Horngren, C. T., Datar, S. M. & Foster, G. (2008). Management
and cost accounting, Prentice Hall.

Brandenburger, A. & Stuart, H. (2007). Biform games, Management Science
53: 537-549.

Derks, J. & Haller, H. (1999). Null players out? Linear values for games with
variable supports, International Game Theory Review 1: 301-314.

Driessen, T. S. (1991). A survey of consistency properties in cooperative game
theory, SIAM Review 33: 43-59.

Dubey, P. & Shapley, L. S. (1979). Mathematical properties of the Banzhaf power
index, Mathematical Operations Research 4: 99-131.

Haeringer, G. (1999). Weighted myerson value, International Game Theory Review
1: 187-192.

29



Hagemann, H. (2006). Leistungen und Provisionen transparent, wohnen im eigen-
tum e.V., Bonn.

Hiller, T. (2011). Analyse ausgewdhlter Problemstellungen der Organisations-
und Personalwirtschaft mit Hilfe der kooperativen Spieltheorie, Gabler, Wies-
baden.

Kalai, E. & Samet, D. (1987). On weighted shapley values, International Journal
of Game Theory 16: 205—222.

Peleg, B. (1986). On the reduced game property and its converse, International
Journal of Game Theory 15: 187-200.

Shapley, L. S. (1953). A value for n-person games, in H. Kuhn & A. Tucker (eds),
Contributions to the Theory of Games, Vol. 11, Princeton University Press,
Princeton, pp. 307-317.

Spulber, D. F. (1999). Market Microstructure, Cambridge University Press, Cam-
bridge.

Thomson, W. L. (1990). The consistency principle, in T. Ichiishi, A. Neyman &
Y. Tauman (eds), Game Theory and Applications, Proceedings of the 1987

International Conference, Ohio State University, Academic Press, pp. 187—
215.

van den Brink, R. (2001). An axiomatization of the Shapley value using a fairness
property, International Journal of Game Theory 30: 309-319.

van den Brink, R. & van der Laan, G. (1998). Axiomatizations of the normalized
Banzhaf value and the Shapley value, Social Choice and Welfare 15: 567-582.

Winter, E. (2002). The shapley value, in R. J. Aumann & S. Hart (eds), Handbook
of Game Theory with Economic Applications, Vol. 111, Elsevier, Amsterdam
et al., chapter 53, pp. 2025—2054.

Young, H. P. (1985). Monotonic solutions of cooperative games, International
Journal of Game Theory 14: 65-72.

Young, H. P. (1994). Cost allocation, in R. J. Aumann & S. Hart (eds), Handbook
of Game Theory with Economic Applications, Vol. 11, Elsevier, Amsterdam
et al., chapter 34, pp. 1193-1235.

30



