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Introduction

Does it pay to unionize?

Chances of a German citizen to become a EU commissioner versus
those of an Irish citizen

Productive players in a unanimity game pro�t when they dissociate
themselves from other productive players.

Left-glove owners may bene�t from forming a cartel of left-gloves
holders.
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Partitions and rank orders
subpartitions

P (i) 2 2N = component that contains player i
P (R) � 2N = subpartition of P ful�lling C \ R 6= 0, C 2 P (R) for all
C 2 P
Problem
Express P (T ) and P (i) \ T in your own words.
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Partitions and rank orders
union of components

De�nition (union of components)

Let P = fC1, ...,Ckg be a partition of N. We denote the union of
R-components by [

P (R) :=
[
i2R
P (i) .

Thus,
[
P (R) is the set with partition P (R).

Problem
Consider P = ff1g , f2g , f3, 4g , f5, 6, 7gg and �nd P (f2, 5g) and[
P (f2, 5g) .
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Partitions and rank orders
rank orders consistent with partitions

Consider the partition P = ff1g , f2g , f3, 4gg .
The rank order ρ = (3, 1, 2, 4) tears the component f3, 4g apart while
the rank order ρ = (3, 4, 1, 2) does not.

Problem
Which of the following rank oders are consistent with the partition
P = ff1g , f2g , f3, 4g , f5, 6, 7gg?

ρ = (1, 2, 3, 4, 5, 6, 7)

ρ = (2, 1, 4, 5, 6, 7, 3)

ρ = (1, 5, 2, 3, 4, 6, 7)

ρ = (1, 4, 3, 7, 5, 6, 2)
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Partitions and rank orders
rank orders consistent with partitions

Problem
Which rank orders from RO7 are consistent with

P = ff1, 2, 3, 4, 5, 6, 7gg or
P = ff1g , f2g , f3g , f4g , f5g , f6g , f7gg?
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Partitions and rank orders
how many consistent rank orders are there

How many rank orders are consistent with a partition

P = fS1, ...,Skg?

Note:

We have k ! possibilities to rank the components S1 through Sk .
Within component Sj , there are jSj j! possibilities to rank its players.

Thus, we �nd ���ROPn ��� = k ! � jS1j! � ... � jSk j!
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Union formula
de�nition

De�nition
The union, or Owen, formula is given by

Owi (v ,P) =
1

jROPn j
∑

ρ2ROPn
[v (Ki (ρ))� v (Ki (ρ) n fig)] , i 2 N.

Do you see that P = ff1, 2, ..., ngg and P = ff1g , f2g , ..., fngg lead to
the same Owen values?
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Union formula
calculating the Owen payo¤s

Example
N = f1, 2, 3g, vf1,2g,f3g,
P = ff1, 2g , f3gg with consistent rank orders

(1, 2, 3) , (2, 1, 3) , (3, 1, 2) and (3, 2, 1) .

We obtain player 1�s Owen payo¤:

Ow1
�
uf1,2g,P

�
=

1
4

0B@ 0|{z}
(1,2,3)

+ �|{z}
(1,3,2)

+ 0|{z}
(2,1,3)

+ �|{z}
(2,3,1)

+ 1|{z}
(3,1,2)

+ 0|{z}
(3,2,1)

1CA =
1
4
,
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Union value axiomatization I

The Owen value is a solution function σ on (N,PN ) that obeys

the e¢ ciency axiom,

the symmetry axiom (payo¤ equality for P-symmetric players),
the null-player axiom, and

the additivity axiom.

These axioms do not su¢ ce to pin down the Owen value.
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Union value axiomatization II

De�nition (component symmetry)

Consider a partition P 2 PN . Two components C and C 0 from P are
called symmetric if

v
�[

P (K )[C
�
= v

�[
P (K )[C 0

�
holds for all K � Nn (C[C 0) .

De�nition (symmetry axiom for components)

A solution function (on Vpart) σ is said to obey symmetry between
components if

σC (v ,P) = σC 0 (v ,P)
holds for all symmetric components C and C 0 from P .
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Union value axiomatization III

Theorem (Axiomatization of the Owen value)
The Owen formula is the unique solution function that ful�lls the
symmetry axiom, the symmetry axiom for components, the e¢ ciency
axiom, the null-player axiom and the additivity axiom.
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Union value axiomatization IV

Again: gloves game vf1,2g,f3g, partition P = ff1, 2g , f3gg
Both components are needed to produce the worth of 1. Therefore,
the symmetry axiom for components yields

Ow1
�
vf1,2g,f3g,P

�
+Ow2

�
vf1,2g,f3g,P

�
= Ow3

�
vf1,2g,f3g,P

�
.

E¢ ciency then leads to

Ow3
�
vf1,2g,f3g,P

�
= 1�

�
Ow1

�
vf1,2g,f3g,P

�
+Ow2

�
vf1,2g,f3g,P

��
= 1�Ow3

�
vf1,2g,f3g,P

�
and hence to Ow3

�
vf1,2g,f3g,P

�
= 1

2 .

The symmetry between players 1 and 2 produces
Ow1

�
vf1,2g,f3g,P

�
= Ow2

�
vf1,2g,f3g,P

�
= 1

4 .
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Examples
unanimity games

Disregard null components C � NnT .
Each component in P (T ) has the same probability 1

jP(T )j to be the
last component.

Within each of these components, every i 2 T player has the same
probability 1

jP(i )\T j to complete T .

Thus, the Owen value yields the following payo¤s for a unanimity game
uT , T 6= ∅ :

Owi (uT ,P) =
(

1
jP(T )j

1
jP(i )\T j , i 2 T

0, otherwise

Breaking o¤ pays.
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Examples
symmetric games

Symmetric players need not be P-symmetric.
Consider N = f1, 2, 3g, P = ff1, 2g , f3gg and the coalition function v
given by α 2 R and

v (S) =

8<:
0, jS j � 1
α, jS j = 2
1, jS j = 3

rank order marginal contribution for player 1
1-2-3 0
2-1-3 α
3-1-2 α
3-2-1 1� α

sum 1+ α
Owen payo¤ 1+α

4
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Examples
aymmetric games

Since players 1 and 2 are P-symmetric, we have
Ow2 (v ,P) = Ow1 (v ,P) = 1+α

4 . E¢ ciency yields

Ow3 (v ,P) = 1�Ow1 (v ,P)�Ow2 (v ,P)

= 1� 2 � 1+ α

4
=
1
2
� 1
2

α.

Thus, we obtain Ow3 (v ,P) 6= Ow1 (v ,P) unless α = 1
3 happens to hold.
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Examples
apex games

Problem
Find the Owen payo¤s for the n-player apex game h1 and the partition
P = ff1g , f2, ..., ngg .

If the unimportant players form several components, the apex player
obtains a positive payo¤. For example, if the players 2 to n form two
components, the apex player obtains the marginal payo¤ 1 in one out of
three cases � therefore, we have Ow1 (v ,P) = 1

3 .

Problem
Can you �nd a partition P = ff1g ,C1,C2g such that a player
j 2 f2, ..., ng obtains a higher payo¤ than 1

n�1?

Harald Wiese (Chair of Microeconomics) Applied cooperative game theory: April 2010 17 / 24



The Shapley value is an average of Owen values
probability distribution I

De�nition (probability distribution)

Let M be a nonempty set. A probability distribution on M is a function

prob : 2M ! [0, 1]

such that

prob (∅) = 0,
prob (A[B) = prob (A) + prob (B) for all A,B 2 2M obeying
A\ B = ∅ and

prob (M) = 1.
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The Shapley value is an average of Owen values
probability distribution II

Problem
Probability for the events

�the number of pips (spots) is 2�,

�the number of pips is odd�, and, applying the de�nition

�the number of pips is 1, 2, 3 or 5�.
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The Shapley value is an average of Owen values
symmetric probability distribution I

prob on M = PN

not symmetric:

prob1 (ff1, 2g , f3gg) =
1
2
= prob1 (ff1g , f2, 3gg)

not symmetric:
prob2 (ff1, 2g , f3gg) = 1

symmetric:

prob1 (ff1, 2g , f3gg) = prob1 (ff1g , f2, 3gg)

= prob1 (ff2g , f1, 3gg) =
1
3
,

prob2 (ff1, 2, ..., ngg) = 1, and

prob3 (ff1g , f2g , ..., fngg) = 1
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The Shapley value is an average of Owen values
symmetric probability distribution II

bijection π : N ! N. For example, for N = f1, 2, 3g , a bijection π is
de�ned by

π (1) = 3,

π (2) = 1, and

π (3) = 2.

For a partition P , π (P) is the partition fπ (C ) : C 2 Pg.

Problem
Let P = ff1, 2g , f3gg . Find π (P) for the above bijection π!
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The Shapley value is an average of Owen values
symmetric probability distribution III

De�nition
Let prob be a probability distribution on PN . prob is called symmetric if
every bijection π : N ! N yields

prob (P) = prob (π (P)) .

Do you see:

π (f1, 2, ..., ng) = f1, 2, ..., ng for every bijection π.

Every partition π keeps the atomic partition intact.
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The Shapley value is an average of Owen values
probabilistic Owen value

De�nition (probabilistic Owen value)

The probabilistic Owen value on Vpart is the solution function Ow given by

Owi (v , prob) = ∑
P2PN

prob (P)Owi (v ,P) , i 2 N,

where prob 2 Prob (PN ) is a probability distribution on the set of
partitions of N.

Theorem (Casajus in IGTR)
For any symmetric probability distribution prob on PN , we have

Ow (v , prob) = Sh (v) .
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Further exercises: Problem 1

Assume two men, Max (M) and Onno (O), who both love Ada (A). Their
coalition function is given

v (K ) =

8>>>><>>>>:
0, jK j � 1
6, K = fM,Ag
4, K = fO,Ag
1, K = fM,Og
2, K = fM,O,Ag

1 Calculate the Owen payo¤s for the partition P = ffM,Og , fAgg!
2 Comment!
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