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Shapley value: The Young characterization #2

Theorem (Young 1985)

Shapley

Voung #2 The Shapley value is the unique solution that meets E, S, and M.

Young #3
Young #4

et Proof. Uniqueness: Let ¢ satisfy E, S, and M. In the following, we show

e @ (N, v) is uniquely determined for all v € V (N) by induction on |7 (v)
My #3 where

Myt T(v):={T e L(N)[Ar (v) #0}.

o Induction basis: If |T (v)| =0, then v = 0. It is easy to check that E and S
omes s imply NG. Hence, ¢; (N,0) =0 for all i € N.

mﬁ‘;,ﬁz Induction hypothesis: Suppose ¢ (N, v) is uniquely determined for all

shvie/Ca v € V (N) such that |7 (v)| < k.
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Shapley value: The Young characterization #3

Induction step: Let v € V (N) such that |7 (v)| = k+ 1. Set
T(v):==Nrer(v) T- Fori € N\T (v) set

v = Y, Ar(v)ur.

TeT(v):ieT

Then, T (v(i)) C 7 (v), hence "T <v(i>)‘ <|T (v)],and T € T (v) and
i€ Timply TeT (v(")> and At (v) = At (v(i)> . The latter entails

Mc! (K) = Mc'" (K)

for K C N\ {i}, ie., v, v, and i satisfy the hypothesis of M. Since ¢ obeys
M, we thus have

¢;i (N,v) = ¢ (N, V(i)) v

@; (N, v) is uniquely determined by the induction hypothesis.
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Shapley value: The Young characterization #4

Finally, the players in T (v) are symmetric: Whenever i,j € T (v),
T €T (v), theni,j€ T entailing

Akugiy (V) =0=Akygy (v), K S N\{ij}.

(Recall the characterization of symmetric players in terms of Harsanyi
dividends). Since ¢ obeys E and S, we have

R0 (N.v) g v(IN) = @p 1) (N v)
e 1)) RN L O

forall i € T (v), where PN\T(v) (N, v) is determined by the previous step.
Done. g
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The Young characterization: Independence

m E+S, =M: ¢, (N,v) = [N|"2-v(N), i€ N, veV(N), = efficient)
egalitarian solution

m E+M, -S:we RN, ¢, (N,v)= YrexnyieT AT (V)
= simple weighted Shapley value

ienN,

R/ -
Yierw’

m S+M, —E: ¢;(N,v)=0,i€ N, veV(N), = Null solution



Balanced contributions

m Myerson, R. B. (1977). Graphs and cooperation in games, Mathematics
of Operations Research 2: 225-229.
Shaple
Yo:ngy#Z

Young #3 Balanced contributions (BC) for all N, v € V (N) and i,j € N,

Young #4

Younglnd

BC -N,v—.(N i}, v ')Z‘NxV*-<N Ny )

o 4 ¢ (Nv) =@ (MUY Vi) = 95 (Nv) = 9 (N vin gy

My #2

:25 ii where v|k denotes the restriction of v to K C N.

mzdep m exit of j hurts/benefits i by the same amount as the exit of

DM s

BF&DM hurts/benefits j

DM&S #1 .

DM&S #2 m plausible?

gﬂhvjdgyca m in contrast to the other axiom considered so far, BC relates different
player sets

m as we will see, BC is a very powerful axiom



Shapley value: The Myerson characterization #1

Theorem (Myerson 1977)

Shaple 5 B o

Yo:ngy#z The Shapley value is the unique solution that meets E and BC. J
Young #3
Young #4
Younglnd
BC

My 41 m extremely elegant by the use of BC

y #2

mv ii m characterization on the domain of all TU games, in particular, with
Myindep different player sets, even player sets with different cardinality
DMo

DM m characterization without additivity

BF&DM

DM&S #1

DM&S #2

M vs DM

Sh vdB/Ca
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Shapley value: The Myerson characterization #2

Proof. We have already shown that Sh obeys E. To see BC, first observe
Ar(v) = At (V\N\{j}) . TEKN\{}D.
Hence, we have
Shy (N, v) = Shy (N\ {7}, viw, g )
- L marm- T T ()

TeK(N):ieT TeK(N\{j}):ieT

= Y. T A (v) - Y [T A7 (v)
TeK(N):ieT Te(N\{j}):ieT

= X It
TeK(N):ijeT

Interchanging, i and j one obtains

Shy (N, v) = Shy (N\{i} vlwgiy) = K(E) T Ay (v)
TeK(N):ijeT

and we are done.
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Shapley value: The Myerson characterization #3

Uniqueness: Let ¢ obey E and BC. In the following, we show that ¢ (N, v) is
uniquely determined for all N and v € V (N) by induction on |N|.

Induction basis: For [N| =1, i.e., N = {i}, the claim drops from E:

¢ (i v) =i (i v) =v{i}).

Induction hypothesis: Suppose ¢ (N, v) is uniquely determined for all N such
that [N| < k and v € V (N).



Shapley value: The Myerson characterization #4

Induction step: Let now |[N| = k+1 and v € V(N). By BC, forall i,j € N,

we have
Shapley
Young #2 . .
o 5 o (MUY vy ) = o (M Vi) = o (Nv) = g (N, v).
Young #4
Younglnd
BC Summing up over j € N\ {i} gives
M 1
My 2

e ) (fP,- (’V\ {J}vV\N\{j}> -9 <N\{i},v\,\,\{;}))
g,\yﬂlgdep JEN\{i}

o = (IN] 1) - g; (N,v) — oy, g5y (N, )

BF&DM

s = N[ @; (N,v) =gy (N,v)

DM&S #2

N = [N|-¢; (N, v) = v(N),

Sh vdB/Ca

where the last equation drops from E. By the induction hypothesis, the first
line is uniquely determined. Since i was arbitrarily chosen, ¢ (N, v) is uniquely
determined. O
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m E, -BC: ¢, (N,v)=|N|"1-v(N), i€ N, veV(N), = (efficient)
egalitarian solution

m BC, -E: ¢;(N,v)=0,i €N, veV(N), = Null solution
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Differential monotonicity

Differential monotonicity (DMo) for all v,w € V (N) and /,j € N such that
v(KU{i}) —v(KU{j}) 2w (KU{i}) —w(KU{j})
for all K C N\ {/,/}, we have

(Pi(N'V)_(Pj(N' v) = ¢; (N, W)—ﬁf’j(NvW)-

m two player’s payoff differential (in different situations) does not decrease
with nowhere non-decreasing productivity differential



Differential marginality

m Casajus, A. (2009). Differential marginality, van den Brink fairness, and
) the Shapley value. Theory and Decision, forthcoming.

hapley

Young #2

Vouns 43 Differential marginality (DM) for all v,w € V (N) and i,j € N such that

Young #4

Youngid v(KU{i}) —v(KU{H = w(KU{i}) —w(KU{j})

e o for all K C N\ {/,/}, we have

My #3

Vo ¢i (N, v) =@ (N,v) = ¢; (N, w) — ¢; (N, w).

DMo

ST m obviously, DMo = Mo

e z; m DM requires a two player's payoff differential to depend on the

gﬂhvsd:;\"c differentials of their productivities (measured by marginal contributions)
only

m the hypothesis of DM is satisfied iff
Akugiy (V) = Akuggy (V) = Akugiy (W) = Akugyy (w)

for all K C N\ {i,j}. Homework! Hint: Use the characterization of

marginal contributions by Harsanyi dividends and proceed by induction on
K.

14 /19



Shapley
Young #2
Young #3
Young #4
Younglnd
BC

My #1
My #2
My #3
My #4
Mylndep
DMo

DM
BF&DM
DM&S #1
DM&S #2
M vs DM
Sh vdB/Ca

Cousins of differential marginality

m van den Brink, R. (2001). An axiomatization of the Shapley value using a
fairness property. International Journal of Game Theory 30, 309-319.

van den Brink fairness (BF) for all v,w € V (N) and /,j € N such that /
and j are symmetric in (N, w), we have
@ (N.v+w)—¢;(N,v)=9;(N.v+w)—g;(N,v).

m observation: DM and BF are equivalent. Homework!
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Differential marginality and the symmetry axiom #1

Lemma
NG and DM imply S.

Proof.

m Let ¢ meet NG and DM, and let i,j € N be symmetric in (N, v).

m For 0 € V(N), we have MCY (K) — MC} (K) =0
= MC? (K) — MC? (K) for all K € N\ {i}.
Hence by DM, ¢; (N, v) — ¢; (N,v) = ¢; (N,0) — ¢; (N,0).

m Further by NG, ¢; (N,0) =0 = ¢; (N, 0), which proves the claim.

= S does not imply DM: ¢, (N,v) = [v({i})]*>, i€ N, v € V(N)
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Differential marginality and the symmetry axiom #2

Lemma
A and S imply DM.

Proof.

Let ¢ meet A and S, and let i,j € N, v,w € V (N) be such that

MCY (K) — I\/Iij (K)=MC¥ (K)— MCJ-W (K) for all K € N\ {i,j}.
Since the marginal contributions are additive in the coalition function, we
have MC;HW (K)— I\/ICJ-‘“W (K) =0 for all K C N\ {/,j}.

m Hence, i and j are symmetric in (N,v —w).

m By S, we thus have ¢; (N,v —w) = 9 (N,v—w).
m Finally, A entails

@i (N, v) = ¢; (N, w) @i (N,v—w) =¢;(N,v—w)
= (Pj(NvV)*q’j(NrW)v
B 91 (N.v) — 9; (N.v) = g, (N, w) — g; (N, w),
and we are done. O
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Marginality versus Differential marginality

m DM does not imply S: g € RV, g; # gj for some i,j € N,
@; (N,v) =5Sh; (N,v) +g;

m DM does not imply A: ¢; (N,v) =1,i€ N, ve V(N)

= DM does not imply M: @, (N,v) = [N| "t -v(N), i€ N, veV(N),
(efficient) egalitarian solution

= M does not imply DM: ¢, (N,v) = [v ({i})]*, i€ N, v € V (N)
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Shapley value: The van den Brink and the Casajus characterization

Theorem (van den Brink 2001)
The Shapley value is the unique solution that meets E, N, and BF.

Theorem (Casajus 2009)
The Shapley value is the unique solution that meets E, N, and DM.

m another characterizations without additivity

Proof. See van den Brink (2001) or Casajus (2009) or Casajus (2009b) below.
Possible theme for the Seminar. a

m Casajus, A. (2009b). Another characterization of the Owen value without
the additivity axiom. Theory and Decision 69 (4), 523-536.
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