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Problem 1 (8 points)
Consider the cooperative game (f1; 2; 3g ; v) with the coalition function

v (K) =

�
0; K 2 f;; f1g ; f2g ; f3gg
1; else.

:

Examine, whether the Shapley payo¤ vector lies in the core.

Solution

Obviously all players are symmetric, which yields together with e¢ ciency

Sh1 = Sh2 = Sh3 =
1

3
:

The payo¤ vector
�
1
3 ;

1
3 ;

1
3

�
does not lie in the core - for example we have

v (f1; 2g) = 1 > 2

3
= Sh1 + Sh2:
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Problem 2 (12 points)
Consider an exchange economy with two agents A and B. Agent A has lexi-
cographic preferences, where good 1 is the important good. The preferences of
agent B are represented by the utility function

uB
�
xB1 ; x

B
2

�
= xB1 + x

B
2 :

The endowment is given by

!A = (8; 2) und !B = (3; 7) .

Use the graphic below to illustrate endowments, the better sets of agent A and B
with respect to ! and the exchange lense. Illustrate and determine extensively
all Pareto-e¢ cient allocations.

x 1
A

x 2
A
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Solution

x 1
A

x 2
A

ω

The endowment is denoted by !. The green part, respectively the blue part
illustrates the better set of agent A, respectively agent B. The exchange lense
is that part of the box where both better sets intersect and thus the triangle
which is blue and green not including the left border. Contract curve:

� assume A has a positive quantity of good 2 and B has a positive quantity
of good 1. If the agent exchange one unit of good 1 against one unit of
good 2, A is better of while B stays at the same utility level. Thus, there
is a Pareto-improvement, these points cannot be Pareto-optimal

� assume A has nothing of good 2. If A gives something of good 1 to B,
he is worse of. If A gives nothing to B, B will be worse of if he gives
something to A. There is no Pareto-improvement and thus these points
are Pareto-optimal.

� assume B has nothing of good 1. If A gives something of good 1 to B, he
is worse of. If A gives something of good 2 to B, B can give nothing in
return and thus A is also worse of. There is no Pareto-improvement and
thus these points are Pareto-optimal.
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Problem 3 (12 points)
Consider the following two person game with mixed strategies. Calculate both
reaction functions and illustrate them graphically. Determine all equilibria in
pure and properly mixed strategies.

player 2

o u

player 1
l (2; 2) (0; 1)

r (2; 1) (0; 2)

Solution

First of all we determine the payo¤ functions:

u1 (�1; �2) = 2�1�2 + 2 (1� �1)�2;
u2 (�1; �2) = 2�1�2 + �1 (1� �2) + (1� �1)�2 + 2 (1� �1) (1� �2) :

We compute the reaction function of agent 1 by examining the derivative of the
payo¤ function:

@u1
@�1

= 2�2 � 2�2 = 0

and get �R1 (�2) = [0; 1]. Now, consider the payo¤ function of agent 2: We have

@u2
@�2

= 2�1 � �1 + (1� �1)� 2 (1� �1) = 2�1 � 1

which yields

�R2 (�1) =

8<: 0; �2 <
1
2

[0; 1] ; �2 =
1
2

1; �2 >
1
2 :

Since it does not matter for player 1 which strategy he chooses, all strategy
combinations lying on the reaction function of agent 2 are Nash-equilibria. In
particular (0; 0) and (1; 1) are the pure strategy equilibria.
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Problem 4 (10 points)
Show the free-goods lemma: �Assume local non-satiation and weak monotonic-

ity for all households. If
hbp; �bxi�

i=1;:::;n

i
is a Walras equilibrium and the excess

demand for a good j is negative, this good must be free (pj = 0).�
Hint:

i) Can the price be negative?

ii) Can the price be positive? You may use Walras�Law: �Given local non-
satiation, the value of the excess demand is zero�.

Solution:
Assume the price is not negative, thus we have either pj < 0 or pj > 0:

i) If pj < 0, a household can �buy�additional units of j without being worse
of (weak monotonicity). Household has additional funding for preferred
bundles (non-satiation). Contradiction to Walras equilibrium!

ii) If pj > 0: Walras�Law implies

0 = p � z (p)
= pj � zj (p) +

X
i 6=j

pi � zi (p)

As zj (p) < 0 and pj > 0 we obtain

0 <
X
i 6=j

pi � zi (p) ; but

pi � 0 (because of i) and zi (p) � 0 (Walras equilibrium) implyX
i 6=j

pi � zi (p) � 0; Contradiction!!

Hence pj = 0:
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Problem 5 (6 points)
Consider a Cournot-competition market with four �rms, whose equilibrium out-
puts are y1 = 2; y2 = 3, y3 = 4 and y4 = 1: The price on the market is p = 5 and
the marginal revenue of �rm 1, given the four outputs, is MR1 = 4. Determine
the price-elasticity of demand on this market!

Solution:
Cournot competition leads to

MRi =
@p (Y )

@yi
yi + p (Y )

= p (Y )

�
@p (Y )

@yi

yi
Y

Y

p (Y )
+ 1

�
= p (Y )

�
si �

1

"Y;p
+ 1

�
:

Inserting leads to

4 = 5

�
2

10
� 1

"Y;p
+ 1

�
()

"Y;p = �1:
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Problem 6 (12 points)
Consider the following hidden action model with the set of actions E = fe1; e2g
and two outcomes xH = 10 and xL = 0: The conditional probabilities of the
outcomes, due to the e¤ort, are given by the table

xH xL

e1
2
3

1
3

e2
1
2

1
2

:

The principal maximizes the (expected) di¤erence of output and wage, the
agent maximizes the (expected) di¤erence of the wage and the e¤ort costs. The
e¤ort costs are given by c (e1) = 3 and c (e2) = 2. The agent�s reservation payo¤
is u = 0:

a) What is the optimal contract (w (e1) ; w (e2)), when e¤ort is observable?

b) Assume e¤ort is not observable. Derive the participation constraint and
the incentive constraint for the agent, given action e1 is preferred by the
principal!
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Solution:

a) If e¤ort is observable, the expected pro�t of principal is given by

�P =

�
2
3 � 10� w (e1) ; e1 is preferred
1
2 � 10� w (e2) ; e2 is preferred

: (1)

Thus e1 is preferred if

w (e1)� w (e2) �
5

3

is possible.

The incentive and participation constraints are:

w (e1)� 3 � w (e2)� 2;
w (e1)� 3 � 0:

; e1 is preferred

w (e1)� 3 � w (e2)� 2;
w (e2)� 2 � 0:

; e2 is preferred
:

The latter one and the lower part of (1) are not compatible. Therefore the
principal prefers e1 and an optimal contract is given by w (e1) = 3 and
4
3 � w (e2) < 2:

b) If e¤ort is not observable and e1 is preferred by the principal, we obtain
the participation constraint by

2

3
� wH +

1

3
� wL � 3 � 0:

The incentive constraint is given by

2

3
� wH +

1

3
� wL � 3 �

1

2
� wH +

1

2
� wL � 2:
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